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1. Introduction
Let T be a multilinear operator which was initially defined on the m-fold product of Schwartz
space S(Rd) and take their values into the space of tempered distributions S ′(Rd), and the dis-
tributional kernel on (Rd)m+1 of T coincides away from the diagonal y0 = y1 = · · · = ym in
(Rd)m+1 with a function K so that
T (f1, . . . , fm)(x) =
∫
(Rd )m
K(x, y1, . . . , ym)f1(y1) . . . fm(ym)dy1 . . . dym, (1.1)
whenever f1, . . . , fm are C∞-functions with compact support and x /∈⋂mj=1 suppfj . If the ker-
nel function K satisfies the standard estimates:∣∣K(y0, y1, . . . , ym)∣∣A
(
m∑
k,l=0
|yk − yl |
)−md
, (1.2)
✩ The project was supported by the NNSF (No. 60474070) of China and Scientific Research Fund of Hunan Provincial
Education Department.
E-mail address: jshixu@yahoo.com.cn.
0022-247X/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2006.04.049
472 J. Xu / J. Math. Anal. Appl. 327 (2007) 471–480and, for some  > 0,∣∣K(y0, y1, . . . , yj , . . . , ym) − K(y0, y1, . . . , y′j , . . . , ym)∣∣ A|yj − y′j |(∑m
k,l=0 |yk − yl |
)md+ ,
(1.3)
provided that 0  j  m and |yj − y′j |  12 max0km |yj − yk|, then K is called an m-linear
Calderón–Zygmund kernel, and T as in (1.1) with an m-linear Calderón–Zygmund kernel is
called a multilinear singular integral of Calderón–Zygmund type. In recently years, multilinear
singular integrals of Calderón–Zygmund type have attracted more attention, and many results ob-
tained parallel the linear theory of classical Calderón–Zygmund operators. For details, one can
see [1–3,6]. Especially, for these operators, in [1] Grafakos and Torres obtained that a bounded-
ness estimate
T :Lq1 × · · · × Lqm → Lq,
for 1 < q1, . . . , qm < ∞ and
1
q1
+ · · · + 1
qm
= 1
q
implies the boundedness of the operator for all possible exponents in such range of values and
an end-point estimate
T :Lq1 × · · · × Lqm → Lq,∞
for 1 q1, . . . , qm < ∞ satisfying (1.4). In particular, it holds that
T :L1 × · · · × L1 → L1/m,∞,
which extends the classical results in the linear case T :L1 → L1,∞; here Lp and Lp,∞ denote
Lebesgue spaces and weak Lebesgue spaces for 1 p < ∞ respectively. And in the following
Lp(μ) and Lp,∞(μ) denote Lebesgue spaces and weak Lebesgue spaces with measure μ for
1 p < ∞ respectively.
Simultaneously many results of classical singular integral operators on Euclidean spaces with
Lebesgue measure have been generalized for non-doubling measures. See [4,5,9], and the refer-
ences therein. Motivated by [9] and [1], we will consider the analogue of the multilinear singular
integrals for non-doubling measures.
Fix n such that 0 < n d (not necessarily an integer). Let μ be an n-dimension Borel measure
on Euclidean space Rd, i.e., μ is a measure satisfying
μ
(
B(x, r)
)
 rn for all x ∈Rd, r > 0,
where B(x, r) denotes a ball centered at x with radius r . In this paper, we will consider T with
the following conditions (1.4)–(1.6) replacing (1.1)–(1.3):
T (f1, . . . , fm)(x) =
∫
(Rd )m
K(x, y1, . . . , ym)f1(y1) . . . fm(ym)dμ(y1) . . . dμ(ym), (1.4)
whenever f1, . . . , fm are C∞-functions with compact support and x /∈⋂mj=1 suppfj . Moreover,
the kernel function K satisfies the following estimates:
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(
m∑
k,l=0
|yk − yl |
)−mn
, (1.5)
and, for some  > 0,
∣∣K(y0, y1, . . . , yj , . . . , ym) − K(y0, y1, . . . , y′j , . . . , ym)∣∣ A|yj − y′j |(∑m
k,l=0 |yk − yl |
)mn+ ,
(1.6)
provided that 0 j m and |yj − y′j | 12 max0km |yj − yk|.
For simplicity and without loss of generality, we restrict m = 2. Our main result is the follow-
ing.
Theorem 1.1. Let T as in (1.4) and satisfying conditions (1.5) and (1.6) with m = 2. Let 1 <
p1,p2 < ∞, and f1 ∈ Lp1 (μ), f2 ∈ Lp2 (μ), with
∫
Rn
T (f1, f2)(x) dμ(x) = 0 if ‖μ‖ < ∞. If T is
a bounded operator from L1(μ) × L1(μ) to L1/2,∞(μ), then there exists a constant C such that∥∥T (f1, f2)∥∥Lq(μ)  C‖f1‖Lp1 (μ)‖f2‖Lp2 (μ),
where 1/q = 1/p1 + 1/p2, and the constant C depends only on , n, A, m, d , p1, p2 and q .
The theorem for the case ‖μ‖ < ∞ was suggested by the referee. In fact, the condition∫
Rn
T (f1, f2)(x) dμ(x) = 0 can be deduced by the condition T ∗1(1, f1) = 0. The latter con-
dition is the so called T (1) condition. For the notation T ∗1(1, f1), one can see [1]. The proof
of Theorem 1.1 will be given in the following section. Finally, we point out that in the sequel C
denotes constants, but it may be different at different places.
2. Proof of the result
The idea of the proof will use a variant of sharp maximal operator M# of Fefferman and
Stein [8]. This idea have already been exploited in [7,9]. First we recall some notations.
By a cube Q ⊂Rn we mean a closed cube whose sides parallel to the axes and we denote its
side length by lQ. Let α and β be positive constants such that α > 1 and β > αn. For a cube Q,
we say that Q is (α,β)-doubling if μ(αQ)  βμ(Q), where αQ denotes the cube concentric
with Q and having side length αlQ. For two cubes Q ⊂ R, set
KQ,R = 1 +
NQ,R∑
k=1
μ(2kQ)
(l2kQ)
n
,
where NQ,R is the first positive integer k such that l2kQ  lR . If Q is (2,2d+1)-doubling, we say
Q is doubling. Given a cube Q ⊂ Rn, let N be the smallest positive integer such that 2NQ is
doubling. We denote this cube by Q˜.
Let f be a function in L1loc(R
d), the sharp maximal function of f is defined by
M#f (x) = sup
Q
1∣∣μ( 32Q)∣∣
∫
Q
∣∣f (y) − mQ˜f ∣∣dμ(y) + sup
Q⊂R,x∈Q
|mQf − mRf |
KQ,R
, (2.1)
Q,R doubling
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denotes the average of f over Q. See [9]. But to prove our results, we need a variant of (2.1) as
M#δ f (x) = M#|f |δ(x)1/δ.
And the non-centered doubling maximal operator
Nf (x) = sup
x∈Q
Q doubling
1
μ(Q)
∫
Q
∣∣f (y)∣∣dμ(y).
Denote Nδf (x) = N |f |δ(x)1/δ .
It is easy to see that from Theorem 6.2 in [9], we have the following estimate.
Lemma 2.1. Let f ∈ L1loc(μ), with
∫
f dμ = 0 if ‖μ‖ < ∞. For 1 < p < ∞, if inf(1,Nδf ) ∈
Lp(μ), and 0 < δ < 1, then there exists a constant C such that the inequality∫
Nδ(f )(x)
p dμ(x)C
∫
M#δ (f )(x)
p dμ(x),
where the constant C depends only on p, n, δ, and d .
By the Lebesgue differential theorem, it is easy to see that for any f ∈ L1loc(μ),∣∣f (x)∣∣Nδf (x) (2.2)
for μ-a.e. x ∈Rd ; see [9] for details.
Also as in [9], for η > 1, we denote the non-centered maximal operator M(η)f as
M(η)f (x) = sup
x∈Q
1
μ(ηQ)
∫
Q
∣∣f (y)∣∣dμ(y).
Then operator M(η) is bounded on Lr(μ) for r > 1.
So Theorem 1.1 can be deduced from (2.2), Lemma 2.1 and the following lemma and the
boundedness of operator M(η).
Lemma 2.2. Let T be as in (1.4) with kernel K satisfying conditions (1.5) and (1.6). Let m = 2,
and let 0 < δ < 1/2. If T :L1(μ) × L1(μ) → L1/2,∞(μ), then there exists a constant C > 0,
depending only on δ, A, n, d and , such that
M#δ T (f1, f2)(x) CM( 98 )f1(x)M( 98 )f2(x), (2.3)
for any functions f1, f2 belong to L∞c and for every x ∈Rd .
Remark. For the m-linear case, the result of Lemma 2.2 is still true if 0 < δ < 1/m.
Proof. As in the proof of Theorem 9.1 in [9], to obtain (2.3) it suffices to prove(
1
μ
( 3
2Q
) ∫
Q
∣∣∣∣T (f1, f2)(z)∣∣δ − |hQ|δ∣∣dμ(z))1/δ  CM( 9
8
)f1(x)M( 9
8
)f2(x) (2.4)
holds for any x ∈Rd and a cube Q containing x, and
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holds for any cubes Q ⊂ R with x ∈ Q, where Q is an arbitrary cube,
hQ = mQ
(
T (f1χRd\ 43 Q,f2χRd\ 43 Q)
)
,
and
hR = mR
(
T (f1χRd\ 43 R,f2χRd\ 43 Q)
)
.
Firstly, we write
T (f1, f2)(z) = T (f1χ 4
3 Q
,f2χ 4
3 Q
)(z) + T (f1χRd\ 43 Q,f2χ 43 Q)(z)
+ T (f1χRd\ 43 Q,f2χ 43 Q)(z) + T (f1χRd\ 43 Q,f2χRd\ 43 Q)(z).
So, we have∣∣T (f1, f2)(z) − hQ∣∣ ∣∣T (f1χ 4
3 Q
,f2χ 4
3 Q
)(z)
∣∣+ ∣∣T (f1χRd\ 43 Q,f2χ 43 Q)(z)∣∣
+ ∣∣T (f1χRd\ 43 Q,f2χ 43 Q)(z)∣∣
+ ∣∣T (f1χRd\ 43 Q,f2χRd\ 43 Q)(z) − hQ∣∣
= I(z) + II(z) + III(z) + IV(z).
Then we obtain(
1
μ
( 3
2Q
) ∫
Q
∣∣T (f1, f2)(z) − hQ∣∣δ dμ(z))1/δ

(
1
μ
( 3
2Q
) ∫
Q
[(
I(z) + II(z) + III(z) + IV(z))]δ dμ(z))1/δ
= C(I + II + III + IV). (2.6)
Now we start to estimate first term I . To do so, we need classical Kolmogorov’s theorem: Let
(X,μ) be a probability measure space and let 0 < p < q < ∞, then there is a constant C = Cp,q
such that for any measurable function f
‖f ‖Lp(μ)  C‖f ‖Lq,∞(μ).
Using Kolmogorov’s theorem to T (f1χ 4
3 Q
,f2χ 4
3 Q
)(z) with p = δ and q = 1/2 such that 0 <
δ < 1/2, we derive the following
I =
(
1
μ
( 3
2Q
) ∫
Q
∣∣T (f1χ 4
3 Q
,f2χ 4
3 Q
)(z)
∣∣δ dμ(z))1/δ
=
(
μ(Q)
μ
( 3
2Q
))1/δ( 1
μ(Q)
∫
Q
∣∣T (f1χ 4
3 Q
,f2χ 4
3 Q
)(z)
∣∣δ dμ(z))1/δ
 Cδ,1/2
(
μ(Q)
μ
( 3Q)
)1/δ∥∥T (f1χ 4
3 Q
,f2χ 4
3 Q
)
∥∥
L1/2,∞(Q, dμ
μ(Q)
)
2
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(
μ(Q)
μ
( 3
2Q
))1/δ 1
μ(Q)
∫
4
3 Q
∣∣f1(z)∣∣dμ(z) 1
μ(Q)
∫
4
3 Q
∣∣f2(z)∣∣dμ(z)
 C
(
μ(Q)
μ
( 3
2Q
))1/δ−2 1
μ
( 3
2Q
) ∫
4
3 Q
∣∣f1(z)∣∣dμ(z) 1
μ
( 3
2Q
) ∫
4
3 Q
∣∣f2(z)∣∣dμ(z)
 CM( 9
8
)f1(x)M( 9
8
)f2(x), (2.7)
since T :L1(μ) × L1(μ) → L1/2,∞(μ).
For z ∈ Q, by (1.6), we have∣∣II(z)∣∣ ∫
4
3 Q
∫
Rd\ 43 Q
∣∣K(z, y1, y2)f1(y1)∣∣∣∣f2(y2)∣∣dμ(y1) dμ(y2) dμ(z)

∫
4
3 Q
∫
Rd\ 43 Q
A|f1(y1)||f2(y2)|
(|z − y1| + |z − y2|)2n dμ(y1) dμ(y2)
 C
∫
4
3 Q
∣∣f1(y1)∣∣dμ(y1) ∫
Rd\ 43 Q
|f2(y2)|
|z − y2|2n dμ(y2)
 C
∫
4
3 Q
∣∣f1(y1)∣∣dμ(y1) ∞∑
k=1
1
l
(
2k 43Q
)2n ∫
2k 43 Q
∣∣f2(y2)∣∣dμ(y2)
 C
∫
4
3 Q
∣∣f1(y1)∣∣dμ(y1) 1
l(Q)n
∞∑
k=1
2−kn 1
l
(
2k 43Q
)n ∫
2k 43 Q
∣∣f2(y2)∣∣dμ(y2)
 C
∫
4
3 Q
∣∣f1(y1)∣∣dμ(y1) 1
l(Q)n
M( 9
8
)f2(x).
Then, we obtain
II =
(
1
μ
( 3
2Q
) ∫
Q
∣∣II(z)∣∣δ dμ(z))1/δ
 C
(
μ(Q)
μ
( 3
2Q
))1/δ ∫
4
3 Q
∣∣f1(y1)∣∣dμ(y1) 1
l(Q)n
M( 9
8
)f2(x)
 C
(
μ(Q)
μ
( 3
2Q
))1/δ−1 1
μ
( 3
2Q
) ∫
4
3 Q
∣∣f1(y1)∣∣dμ(y1) μ(Q)
l(Q)n
M( 9
8
)f2(x)
 CM( 9
8
)f1(x)M( 9
8
)f2(x), (2.8)
since δ < 1/2 < 1.
Similarly, for term III, we have
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1
μ
( 3
2Q
) ∫
Q
III(z)δ dμ(z)
)1/δ
 CM( 9
8
)f1(x)M( 9
8
)f2(x). (2.9)
To estimate the term IV , let z, y ∈ Q; using (1.6), we obtain∣∣T (f1χRd\ 43 Q,f2χRd\ 43 Q)(z) − T (f1χRd\ 43 Q,f2χRd\ 43 Q)(y)∣∣

∫
R2d\( 43 Q)2
∣∣K(z, y1, y2) − K(y,y1, y2)∣∣∣∣f1(y1)∣∣f2(y2)∣∣dμ(y1) dμ(y2)∣∣
C
∫
R2d\( 43 Q)2
|z − y|
(|y − y1| + |y − y2|)2n+
∣∣f1(y1)∣∣∣∣f2(y2)∣∣dμ(y1) dμ(y2)
C
∫
Rd\ 43 Q
|y − z|1 |f1(y1)|
|y − y1|n+1 dμ(y1)
∫
Rd\ 43 Q
|y − z|2 |f2(y2)|
|y − y2|n+2 dμ(y2)
C
∞∑
k=1
∫
2k 43 Q\2k−1 43 Q
(l(Q))1(
l
(
2k 43Q
))n+1 ∣∣f1(y1)∣∣dμ(y1)
×
∞∑
k=1
∫
2k 43 Q\2k−1 43 Q
(l(Q))2(
l
(
2k 43Q
))n+2 ∣∣f2(y2)∣∣dμ(y2)
C
∞∑
k=1
2−k1(
l
(
2k 43Q
))n ∫
2k 43 Q\2k−1 43 Q
∣∣f1(y1)∣∣dμ(y1)
×
∞∑
k=1
2−k2(
l
(
2k 43Q
))n ∫
2k 43 Q\2k−1 43 Q
∣∣f2(y2)∣∣dμ(y2)
C
∞∑
k=1
2−k1 1
μ
(
2k+1 43Q
) ∫
2k 43 Q
∣∣f1(y1)∣∣dμ(y1)
×
∞∑
k=1
2−k2 1
μ
(
2k+1 43Q
) ∫
2k 43 Q
∣∣f2(y2)∣∣dμ(y2)
CM( 9
8
)f1(x)M( 9
8
)f2(x),
where 1, 2 > 0, and 1 + 2 = .
Taking the mean over y ∈ Q, we obtain∣∣T (f1χRd\ 43 Q,f2χRd\ 43 Q)(z) − hQ∣∣ CM( 98 )f1(x)M( 98 )f2(x).
So we obtain(
1
μ
( 3
2Q
) ∫ IV4(z)δ dμ(z))1/δ  CM( 9
8
)f1(x)M( 9
8
)f2(x). (2.10)Q
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Now we turn our attention to the estimate for (2.5). For any cubes Q ⊂ R with x ∈ Q, where
Q is an arbitrary cube, we denote NQ,R + 1 simply by N . Writing the difference |hQ − hR| in
the following way∣∣mQ[T (f1χRd\ 43 Q,f2χRd\ 43 Q)]− mR[T (f1χRd\ 43 R,f2χRd\ 43 R)]∣∣

∣∣mR[T (f1χRd\2NQ,f2χRd\2NQ)]− mQ[T (f1χRd\2NQ,f2χRd\2NQ)]∣∣
+ ∣∣mQ[T (f1χ2NQ\ 43 Q,f2χRd\ 43 Q)]∣∣+ ∣∣mQ[T (f1χRd\2NQ,f2χ2N \ 43 Q)]∣∣
+ ∣∣mR[T (f1χRd\ 43 R,f2χ2NQ\ 43 R)]∣∣+ ∣∣mR[T (f1χ2NQ\ 43 R,f2χRd\2NQ)]∣∣
= A1 + A2 + A3 + A4 + A5. (2.11)
Similar to the estimate of IV , we can obtain that
A1 CM( 9
8
)f1(x)M( 9
8
)f2(x). (2.12)
For z ∈ R, by (1.5), we have∣∣T (f1χRd\ 43 R,f2χ2NQ\ 43 R)(z)∣∣
 C
∫
2NQ\ 43 R
∫
Rd\ 43 R
|f1(y1)f2(y2)|
(|z − y1| + |z − y2|)2n dμ(y1) dμ(y2)
 C
∫
2NQ\ 43 R
∫
2NQ\ 43 R
|f1(y1)f2(y2)|
(|z − y1| + |z − y2|)2n dμ(y1) dμ(y2)
+ C
∫
2NQ\ 43 R
∫
Rd\2NQ
|f1(y1)f2(y2)|
(|z − y1| + |z − y2|)2n dμ(y1) dμ(y2)
 C
∫
2NQ\ 43 R
|f1(y1)|
|z − y1|n dμ(y1)
∫
2NQ\ 43 R
|f2(y2)|
|z − y2|n dμ(y2)
+ C
∫
2NQ\ 43 R
∫
Rd\2NQ
|f1(y1)f2(y2)|
(|z − y1| + |z − y2|)2n dμ(y1) dμ(y2)
 C
N∑
k=1
1
l(2kQ)n
∫
2kQ\2k−1Q
∣∣f1(y1)∣∣dμ(y1) N∑
k=1
1
l(2kQ)n
∫
2kQ\2k−1Q
∣∣f2(y2)∣∣dμ(y2)
+ C
∫
2NQ\ 43 R
∣∣f2(y2)∣∣dμ(y2) ∞∑
k=N+1
1
l(2k+1Q)2n
∫
2kQ\2k−1Q
∣∣f1(y1)∣∣dμ(y1)
 C
N∑
k=1
μ(2k+1Q)
l(2kQ)n
1
μ(2k+1Q)
∫
k
∣∣f1(y1)∣∣dμ(y1)
2 Q
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N∑
k=1
μ(2k+1Q)
l(2kQ)n
1
μ(2k+1Q)
∫
2kQ
∣∣f2(y2)∣∣dμ(y2)
+ C 1
l(2N+1Q)n
∫
2NQ\ 43 R
∣∣f2(y2)∣∣dμ(y2) ∞∑
k=N+1
2(−k+N)n
l(2k+1Q)n
∫
2kQ
∣∣f1(y1)∣∣dμ(y1)
CK2Q,RM( 98 )f1(x)M( 98 )f2(x)
CK2Q,RM( 98 )f1(x)M( 98 )f2(x).
Taking mean for z over R, we obtain
A4  CK2Q,RM( 98 )f1(x)M( 98 )f2(x). (2.13)
Similarly, we have
A2  CK2Q,RM( 98 )f1(x)M( 98 )f2(x), (2.14)
A3  CK2Q,RM( 98 )f1(x)M( 98 )f2(x), (2.15)
A5  CK2Q,RM( 98 )f1(x)M( 98 )f2(x). (2.16)
Thus from (2.11) to (2.16), we have (2.5).
Finally, let us see how from (2.4) and (2.5) one obtains (2.3). From (2.4), if Q is a doubling
cube and x ∈ Q, we have∣∣mQ(∣∣T (f1, f2)∣∣δ)− |hQ|δ∣∣1/δ  ( 1
μ(Q)
∫
Q
∣∣∣∣T (f1, f2)∣∣δ − |hQ|δ∣∣dμ)1/δ

(
1
μ(Q)
∫
Q
∣∣T (f1, f2) − hQ∣∣δ dμ)1/δ
 CM( 9
8
)f1(x)M( 9
8
)f2(x). (2.17)
Also, for any cube Q 	 x (non-doubling, in general), KQ,Q˜  C, then by (2.4), (2.5) and
(2.17) we obtain(
1
μ
( 3
2Q
) ∫
Q
∣∣∣∣T (f1, f2)(z)∣∣δ − mQ˜(∣∣T (f1, f2)∣∣δ)∣∣dμ(z))1/δ
C
(
1
μ
( 3
2Q
) ∫
Q
∣∣∣∣T (f1, f2)∣∣δ − |hQ|δ∣∣dμ)1/δ
+ C
(
1
μ
( 3
2Q
) ∫
Q
∣∣|hQ˜|δ − mQ˜(∣∣T (f1, f2)∣∣δ)∣∣dμ)1/δ
+ C
(
1
μ
( 3
2Q
) ∫
Q
∣∣|hQ|δ − |hQ˜|δ∣∣dμ)1/δ
CM( 9 )f1(x)M( 9 )f2(x). (2.18)8 8
480 J. Xu / J. Math. Anal. Appl. 327 (2007) 471–480For all doubling cubes Q ⊂ R with x ∈ Q, using (2.17) and (2.5) again, we have∣∣mQ(∣∣T (f1, f2)∣∣δ)− mR(∣∣T (f1, f2)∣∣δ)∣∣1/δ
 C
∣∣mQ(∣∣T (f1, f2)∣∣δ)− |hQ|δ∣∣1/δ + C∣∣|hR|δ − mR(∣∣T (f1, f2)∣∣δ)∣∣1/δ
+ C∣∣|hQ|δ − |hR|δ∣∣1/δ
 C
∣∣mQ(∣∣T (f1, f2)∣∣δ)− |hQ|δ∣∣1/δ + C∣∣|hR|δ − mR(∣∣T (f1, f2)∣∣δ)∣∣1/δ + C|hQ − hR|
 CK2Q,RM( 98 )f1(x)M( 98 )f2(x). (2.19)
Therefore, from (2.18) and (2.19), we have (2.3). This finishes the proof of Lemma 2.2. 
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